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Chapter 1

Introduction

This project formalizes the convergence properties of Last Passage Percolation (LPP) models
with approximate Gumbel distributions. We establish that LPP with N-approximate Gumbel
weights converges to the same GUE Tracy-Widom distribution as exact Gumbel LPP, provided
that N grows appropriately with the grid size.

The main result uses a coupling argument between exact and approximate Gumbel distribu-
tions, combined with perturbation bounds to control the difference between the two models.



Chapter 2

Grid Paths and Last Passage
Percolation

2.1 Basic Definitions

Definition 1 (Grid Point). A grid point is an element of N2
Definition 2 (Edge). An edge is a pair of grid points.

Definition 3 (Up-Right Edge). An edge (p,q) where p = (x,y) and ¢ = (2’,y’) is up-right if
either:

e '’ =x+1andy =y (right step), or
e ' =zandy =y+ 1 (up step).
Definition 4 (Grid Path). A grid path is a list of edges.

Definition 5 (Valid Path). A path is valid from point p to point ¢ if it is a sequence of connected
up-right edges starting at p and ending at q.

Lemma 6 (Paths Exist). For any m,n € N, there exists at least one valid path from (0,0) to
(m,n).

Definition 7 (LPP Value). Given a weight function w : Edge — R and endpoints (m,n), the
Last Passage Percolation value is:

LPP,(m,n) = max w(e)

mePaths(0,0;m,n) py=md

where the maximum is taken over all valid paths from (0,0) to (m,n).



Chapter 3

Gumbel and Exponential
Distributions

3.1 The Gumbel Distribution

Definition 8 (Gumbel CDF). The Gumbel cumulative distribution function is:

Faumbe (2) = exp(—e™)
Lemma 9 (Gumbel CDF is Continuous). The Gumbel CDF is continuous on R.
Definition 10 (Gumbel Grid). A random field YV : Edge — Q — R is a Gumbel grid if:
1. The random variables {Y,} cpqqe are independent, and

2. For each edge e and z € R, P(Y, < z) = Faumbel (T)-

3.2 Transformation to Exponential Distribution

Lemma 11 (Gumbel Measure of Singletons is Zero). If Y is a Gumbel random variable, then

for any y € R:
P(Y=9)=0

Proof. This follows from the continuity of the Gumbel CDF. For any continuous CDF F| the
probability of a singleton is the difference F(y) — F(y~), which is zero when F' is continuous. [

Lemma 12 (Gumbel Probability of Complement). If Y is a Gumbel random variable, then:

[P(Y > y) =1- FGumbel(y>

Lemma 13 (Gumbel to Exponential Transformation). If Y is a Gumbel random variable, then
exp(—Y) has the exponential distribution with rate 1. Specifically, for x > 0:

Plexp(-Y)<ax)=1—¢"



Proof. For x > 0, we have:

Plexp(—Y) < z) =P(-Y <logz)
=P(Y > —logz)
=1- FGumbel<_ IOg J})
=1 —exp(—exp(logz))
=1—e"

O

Lemma 14 (Exponential Grid from Gumbel). IfY is a Gumbel grid, then E, = exp(—Y,) forms
a grid of independent exponential random variables with rate 1.

Proof. The independence follows from the fact that exp is a measurable function and composition
with independent random variables preserves independence. The CDF property follows from the
previous lemma applied to each edge. O



Chapter 4

The Coupling Construction

4.1 Approximate Gumbel Distribution

Definition 15 (Approximate Gumbel CDF). For N > 1, the N-approzimate Gumbel CDF is:

e ” N
Fy(z) = (1—7) 1fx>.—logN
0 otherwise

4.2 The Coupling Function
Definition 16 (Coupling Function hy). For N > 1, define:
hy(z)=—log (N-(1—e"/N))—z
Lemma 17 (Convexity and Bounds for hy). For N > 1, the function hy : R = R satisfies:
1. hy is convex on R,
2. 0 < hy(z) < & forallz €R,
3. & < hy(x) for allz > 0.

Proof. The proof uses calculus to verify convexity by showing the second derivative is non-

negative. The upper bound follows from Taylor expansion of the exponential and logarithm.
2 3

The lower bound for > 0 uses the inequality 1 —e™* > ¢ — % + % for t > 0. O

Theorem 18 (Coupling Identity). For N > 1 and y € R:

FGumbel(Z/) = FN(hN (y) + y)

Proof. Direct calculation shows both sides equal exp(—e™¥). O

4.3 LPP Definitions
Definition 19 (Gumbel LPP). For a Gumbel grid Y, define:

TGumbel(n> = LPPY<n7 n)



Definition 20 (Approximate Gumbel LPP). For a Gumbel grid Y and N > 1, define:

Tzivpprox(n) = LPPY+hN(Y) (na n)
where the weights are w, =Y, + hy(Y,) for each edge e.

Definition 21 (Exponential LPP). For a grid E of exponential random variables:

LExp(n) = LPPE<n7 n)



Chapter 5

Perturbation Analysis

Lemma 22 (Perturbation Bounds). Let II be a finite nonempty set, and S,4,Sp : I = R be
functions. Suppose ™ mazimizes S,. Define:

o My =5,(m")

o My, p=max ;(Ss(m) + Sp(m))
« mp=min g Sp(T)

« Mp = max,cy Sp(m)

Then:
mp < Sp(m*) <My p— My < Mg

Proof. The first inequality is immediate. For the second, note that M, gz > S, (%) + Sp(7*) =
M, + Sg(n*). For the third, let 7" maximize S, + Sg. Then:

Myp— My = S4(n") + Sp(n’) = Sa(n") < Sp(n’) < Mp

where we used S, (7%) > Sy (7). O

5.1 Coupling Bounds

Theorem 23 (Coupling Upper Bound). For N > 1, a Gumbel grid Y, and n € N:

1
Tév?pToz(”) - TGumbel(n) < N : LEIP(”)

Ye

where Lg,,(n) is computed with weights E, = e~

Proof. Let m* be the maximizing path for Ty, ,1e- By Lemma 17, for each edge e:

=Y,

e e
hy(Y,) < N
Summing over the maximizing path for Tﬁ)pmx and using Lemma 22 gives the result. O



Theorem 24 (Coupling Lower Bound). For N > 1, a Gumbel grid Y, and n € N:

T,
2n - h‘N (Gu’r;bel(n)> < T,é\;prom(n) - TGumbel(n)
n

Proof. Let ©* be the geodesic for T mper» Which has length 2n. By Jensen’s inequality applied
to the convex function hy:

T () - (250)

ecm*

The result follows since Tﬁ)prox(n) > e Yo+ hy(Y)). O



Chapter 6

Convergence Properties

6.1 Convergence Definitions

Definition 25 (Convergence in Probability to Zero). A sequence of random variables {X,,}
converges in probability to zero if:

Ve >0, P(|X,|>¢e)—=0asn— o0

Definition 26 (Convergence in Probability to a Constant). A sequence of random variables
{X,,} converges in probability to c if:

Ve >0, P(X,—c/>¢)—=0asn— o0

6.2 Known Results (Axiomatized)

The following properties capture known results from the literature that we assume as axioms:

Definition 27 (Exact Gumbel Convergence Property). For a Gumbel grid and appropriate
constants Cy, o, > 0:
Toumbe () —C, -1 d
Gu bel( ) g et FGUE

o, -nt/3
where Fyg is the GUE Tracy-Widom distribution.

Definition 28 (Time Constant for Gumbel LPP). There exists a constant D, > 0 such that:

TGumbel (n) E) D

n y4

Definition 29 (Time Constant for Exponential LPP). There exists a constant D; > 0 such

that:

Ly, (n) P
Ep()_>DL
n



6.3 Slutsky’s Theorem

Theorem 30 (Slutsky Upper Bound). For random variables X,Y and constants r,e:
PX+Y <r)<P(X<r+e)+P(Y]|>e¢)

Theorem 31 (Slutsky Lower Bound). For random variables X, Y and constants r,e:
PX<r—eg) <PX+Y <r)+P(Y]|>¢)

Theorem 32 (Slutsky’s Theorem for CDFs). Suppose X, L (convergence in distribution to
a continuous CDF F') and Y, i 0. Then:

X, +Y, 5 F
Proof. Fix r € R and € > 0. By Theorems 30 and 31:

(X, +Y, <)

P(X, <r—e)—P(Y,|>e) <P
<P(X, <r+e) +P(Y,| > 2)

Taking limits and using continuity of F' gives the result. O

6.4 Auxiliary Convergence Lemmas

P P
Lemma 33 (Product Convergence). IfY, — ¢ and a,, — 0, then a,, -Y,, — 0.

Lemma 34 (Deterministic Factor Limit). For a > 2/3:

W — 0 asn— oo
Proof. We have:
Lnaﬁ W7 = e ?21/3 =2
Since o > 2/3, the exponent is negative and the limit is zero. O
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Chapter 7

Main Theorem

Theorem 35 (Approximate Gumbel Convergence: Critical Threshold at o = 2/3). Assume the
properties in Definitions 27, 28, and 29. Let N, = |[n®| for some a > 0. For a sequence of
Gumbel grids Y™ :

1. (Convergence for a>2/3) If « > 2/3, then for any r € R:

N"L
P Typpros(n) = Cy -1
o nl/3

< 7“) = Fayg(r)

as n — oo. That is, the approximate Gumbel LPP converges to the same GUE Tracy-
Widom distribution as the exact Gumbel LPP.

2. (Divergence for a < 2/3) If a < 2/3, then the fluctuations diverge:

TNn (n) —Cy-np

Approx
o, -nt/3 e
7
as n — 0o. More precisely, for any M > 0:
N
Tyt osn) —Cy-n
pprox g
P ( o, 173 >M| —1

Thus oo = 2/3 represents a sharp threshold: the approzimation parameter N must grow faster
than n?/3 for the limiting distribution to remain Tracy-Widom GUE.

Proof.
By Theorems 23 and 24:

1

T m (TL) N,
2n - hNn ( cu 2];;1 ) < TA[?prox(”) - TGumbel(n) < FLExp<n)

Dividing by Jgn1/3:

N,
2n - hNn (TGumbel(n)/(2n>) < TApnprox(n) - TGumbel(n) < LExp (TL)
- o nt/3 = N,on'/3

173
O'gTL
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Case 1: o> 2/3.
P
By Definition 29, Lg,,(n)/n — Dy. We have:

LExp(“) _ LExp(n) . n
N, o,nt/3 n N,o,n'/3

By Lemma 34, n/(N,n'/3) — 0 when a > 2/3. Therefore by Lemma 33:

NTL
TApprox(”) - TGumbel(”) i 0

173
O'gTL

By Definition 27:
TGumbel(”) - an d
O_gnl/g - FGUE

Applying Slutsky’s Theorem (Theorem 32) gives:

N,
TAI;Lprox(TO - Ogn i F
an1/3 GUE

Case 2: o< 2/3.
By the lower bound from Theorem 24 and Lemma 17, for x > 0:

P P
By Definition 28, Tympe1(7)/n — D, where D, > 0. Therefore Tmper(7)/(2n) — D,/2 > 0,
which means for large 1, Toymbe (?)/(2n) is bounded away from zero with high probability. Thus:

2n - hNn (TGumbe1<n)/(2n)) > 2n - e_TGumbel(n)/<2n> > C-n =C 2/3—a
- 3N, 0,n/3 = N,nl/3 -n

agnt/
for some constant C' > 0 (with high probability). When a < 2/3, the exponent 2/3 —«a > 0, so

this lower bound diverges to +o0c as n — co. Therefore:

N"L
TApPTOX(n) - TGumbel(n) E} 100

1/3
Ugn

Since the scaled T ymper () converges in distribution (hence is tight), the scaled Tﬁ:’pmx(n)
O

must diverge to +oco in probability.

12



	Introduction
	Grid Paths and Last Passage Percolation
	Basic Definitions

	Gumbel and Exponential Distributions
	The Gumbel Distribution
	Transformation to Exponential Distribution

	The Coupling Construction
	Approximate Gumbel Distribution
	The Coupling Function
	LPP Definitions

	Perturbation Analysis
	Coupling Bounds

	Convergence Properties
	Convergence Definitions
	Known Results (Axiomatized)
	Slutsky's Theorem
	Auxiliary Convergence Lemmas

	Main Theorem

