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Abstract

We consider a diffusion-branching-selection particle system introduced by Groisman, Jon-
ckheere, and Martinez in [3]. Using the techniques of 6] and |1, we prove for this system a
strong selection principle: as N — oo, the stationary empirical measure of the N —particle
system converges to the minimal speed traveling wave profile of the Fisher-Kolmogorov-
Petrovskii-Piskunov (F-KPP) equation.

1 Introduction and Main Result

We first recall the dynamics of the system introduced in [3]. Let & = (£(1),...,£(N)) € RY be a
system of IV particles. Define the jump operator which moves the leftmost of a pair of particles
to the position of the rightmost

3 _Jmax(§(),£(5)) k€ {i,j}
0i(§) (k) = {g(k) o

The N —particle process & has generator

Lnf(€ Zauf SN 1) ZZ 0:5€) — f(£)).

i=1 j#i

Equivalently, at rate N/2, an unordered pair of particle is chosen uniformly at random and the
leftmost particle in the pair jumps on top of the rightmost. Let {[; be the :th particle from the
left. Let n:(i) = &[iy1) — €)1 be the process seen from its minimum.

In [3], the authors prove the existence and uniqueness of a stationary distribution vy for the 7.
Let 7y be the distribution on configurations with the leftmost particle placed at the origin and
the remaining particles distributed as v.

Our aim is to follow the strategy introduced in |[6] and later used in |1] to prove a strong selection
principle for this system. More precisely, we aim to show that after centering at the empirical
median, the stationary empirical measure converges (as N — 00) to the minimal-speed traveling
wave profile for the Fisher-KPP equation. This strategy is as follows.

1. We prove tightness of the laws of the median-centered stationary empirical measures.

2. We prove that every subsequential limit is an invariant law for the median-centered F-KPP
flow.

3. We combine the stretching property of the F-KPP equation with a microscopic speed
identity to identify the invariant law.

Our main tool will be the speed functional
)i= [ @)1 = Fu(o)do (1)
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where p is a probability measure on R and F), its cumulative distribution function. In fact,
properties of this functional will be very nearly the only inputs in steps (1) and (3).

Let Unin be the centered minimal-speed traveling-wave profile for
1
O = iamu +u(u—1) (2)
i.e. one such that

u(2,t) = Unin \/ﬁt)

(z
solves Equation (2)) centered such that Ui, (0) = % Let mmin be the probability measure whose
cumulative distribution function is Upin.

For a Polish space S, write P(S) for the space of probability measures on S endowed with the
weak topology (which is itself a Polish space). Write uy = p if ux converges to p in this
space. If 1 is a random measure, i.e. a random variable taking values in P(R), write £(v) for
its law, an element of P(P(R)).

Let (£N(t))1<i<n be the N—particle process started from ¥y. Define the empirical measure
un(t) and empirical CDF Fy(x,t) by

ZQN Fn(z,t) = pn(t)((—o0, ).

For a probability measure u, write

vV
N
—

a(p) :==inf{z € R: u((—o0, z)
then write
My (t) = a(pun(t))

for the lower median process of the empirical measure. Define median-centered empirical mea-
sures are

N = NZ(SEN NOL UN(:r,t):FN(MN(t)+x,t).
Since the process seen from its minimum is stationary and median centering is translation
invariant, the law (x := L(¢¥n(t)) € P(P(R)) does not depend on ¢ > 0.

Theorem 1. As N — oo, {y = § € P(P(R)). Equivalently, for each fixed t > 0,

Tmin

sup |[Un(z,t) — Upin(x)| — 0
zeR

in probability.

1.1 AI Disclosure

GPT-5.6 Sol was used for literature review and proofreading. GPT-5.6 Pro produced and proved
the estimates Equation @[} and Equation and several of the parts of the proof of Theorem

2 Preliminary Properties

In this section we record some basic facts about the speed functional, the particle system, and
the F-KPP equation.



Proposition 1 (Basic Properties of the Speed Functional). Let X and Y be independent random
variables with law p € P(R).

1. 8(p) = 3E|X — Y| with S defined in Equation ,
2. The map S : P(R) — [0, 00] is lower semicontinous.
3. If a = a(p), then
S(p) < [ la = alu(dn) < 25().

Thus S(p) < oo if and only if u has a finite first moment.

Proof. 1. Note that

E|X - Y| = /RP(X < <Y)+P(Y <2< X)dz = 2/RF#(2)(1 — F,(2))dz.

2. Note that the function (z,y) — |z — y| is lower semicontinuous and bounded below. Suppose
un = p € P(R). Then puy ® uy = p ® pu. Then Portmanteau theorem gives

. . . 1
fiminf S(juy) = 5 timinf | o = gl (dohun(n) = 5 [ o= ylutdohutdy) = S
3. The triangle inequality gives
IX -Y|<|X —a|+|Y —a

so taking expectations and using (1) gives

S(p) <E|X —a.

E|X —al = /_a F(x)dx + /00(1 — F,(x))dz.

Now F,(xz) <1/2 for x < a and Fj,(z) > 1/2 for x > a therefore for x < a we have

1
Fpl@)(1 = Fu(2) > 5 Fu()
and for x > a we have )
Fu@)(1 = F(e)) > 5 (1 = Fy()).
Combining these facts completes the proof. O

Now we turn our attention to the particle system and state a somewhat modified version of the
hydrodynamic limit from |[3].

First we need some notation. Let u € P(R) have CDF Fj,(z). Define the uncentered F-KPP
map W;(u) € P(R) to be the measure with CDF given by F,(t,x) such that F),(t,x) satisfies
Equation and F),(0,z) = F,(x). Define the centered flow

Dy(p) = T_a(w, (u)) Ve(1)
where 7, is the right translation map and a(v) is the lower median of the measure v.

Remark 1. The well-definition of W;(x) (in particular that the F-KPP equation evolves CDFs
to CDEFs) follows from the proof of Proposition .



Theorem 2 (Hydrodynamic limit). Let un(t) be the empirical distribution of the N —particle
system with any initial data. Suppose L(un(0)) = A € P(P(R)). Let p be a random variable
taking values in P(R) with law A. Then for all t > 0,

L(un(0), un(t)) = L1, We(p)).

This result is only a mild upgrade of the original result in [3] and uses very few new ideas. The
proof is provided in the appendix.

Now we turn to basic properties of the F-KPP equation. The proofs of these properties are
straightforward and are therefore deferred to an appendix.

Proposition 2 (Regularity for the F-KPP flow). For everyt > 0 and p € P(R), the measure
Wi has continuous and strictly increasing CDF and consequently a unique median.

This proposition is useful because of the following elementary fact: the lower-median-centering
map v — T_,(,)V s continuous at measures v with continuous and strictly increasing CDF.

We will state some properties of the F-KPP equation using the notion of steepness. Let U and
V' be distributions functions on R. We say that U is steeper than V' and write U >4, V if for
any ¢ € R and =1 < x9,

U(zy) > V(xy +¢) = U(x2) > V(xa +c).

We say that a measure p is steeper than a measure v and write p >4, v if the CDFs satisfy
F'LL Zstp Fl/'

Proposition 3 (Closure of steepness). Suppose uny = p and vy = v where the CDF's F),
and F,, are continuous and pun >sip VN for all N. Then p > v.

Proposition 4 (F-KPP preserves steepness ordering). Suppose j1 >, v. Then for every t > 0,
Vinh Zstp Vev and Py > Prvv.

Bramson’s memoir |2| uses a slightly different notion of steepness that is not preserved under
pointwise limits. The above definition is from [1|. However, arguments from Bramson’s work
imply Proposition

Proposition 5. We have

S(Tmin) = V2. (3)
If @ has continuous strictly increasing CDF and the median a(p) = 0 and Tmin >sp 1, then
S(p) > V2 (4)
with equality if and only if 1t = Tmin.
Proposition 6. Let H(x) = 1,>0. Let A be the measure with CDF H. Then
P\ — Tin

as t — oo.

In other words, solutions to the F-KPP equation with step initial data converge in shape to the
minimal speed traveling wave. This follows from Theorems 13 and 17 in the original KPP paper
4]



3 Proof of the Main Result

Lemma 1 (Tightness). For every N > 2,

/ S(p)¢n(dp) = NA_, Low <v2
P(R)

SO

/ / () (dp) < 292
PR) JR

where vy is the asymptotic velocity of the N—particle cloud and therefore ((N)n>2 is tight in
P(P(R).

Proof. This follows from Proposition 1] and Equation (4.5) in [3]. O

Lemma 2 (Subsequential limits are fixed points). Let ¢ be a subsequential limit of ({N)N>2,
i.e. we have a subsequence (n; such that (n, = . Then for all t > 0,

¢ = (Pr)4C.

Proof. Let juy;(t) be the empirical distribution of the process where piy,(0) has gaps distributed
according to the stationary law and a(un;,(0)) = 0. Let 4 be a random measure with law ¢. By
Theorem [2] for fixed ¢ > 0, we have as j — o0,

L{pn;(0), v, (1)) = L, Yeps).

Since W;u has continuous and strictly increasing CDF, the median centering map « : P(R) —
P(R) defined by a(u) = 7_g(,) ¢ is continuous at Wyp. Therefore

Un(t) = alpn(t) = a(Wi(p) = Pi(pn).

On the other hand, we know that L(v¥n(t)) = (y = (. Therefore ®;(u) is equal to ¢ in law,
e, (®)4C = C. -

Proof of Theorem[1 By Lemma [I] every subsequence has a further subsequence (n, = ¢ €
P(P(R)). By Skorokhod’s representation theorem, we can choose p be a random measure with
law ¢ and i, random measures with laws (, such that py, — p weakly almost surely. Then
since § is lower semicontinuous and by Lemma (1| and Fatou’s lemma, we have

E(S(1)) < Eliminf S(uy, ) < liminf E(S(un, ) < V2. (5)

On the other hand,
A Zstp M.

Therefore by Proposition [4] for all ¢,
(I)t)\ zstp (I)tﬂ

almost surely. But ®;u is equal to p in law, therefore if v is (—sampled, for any ¢, &\ >4, v,
¢—almost surely. We can choose v such that ®, A >, v for all n € N almost surely by sampling
from the countable intersection of full-measure events. Moreover, we know that ¢ samples have
continuous and strictly increasing CDF almost surely by Proposition 2] Now by Proposition [0]
and Proposition [3] we know that

Tmin = 1im ®p\ >4 v
n—oo



almost surely. Hence Proposition [5| means that S(v) > /2 almost surely. This combined with
Equation (5) means that S(v) = v/2 almost surely.

Therefore by Proposition [, v = mmin almost surely. Thus ¢ = d, This is to say that any

min *

subsequence of the (x has a further subsequence which converges to ér . , so (N = 0, .. as
desired.
O
A Proof of the Hydrodynamic Limit
Lemma 3. Suppose that v,w : R x [0,T] — [0, 1] are bounded mild solutions of
1 1
8157) = iaac:cv + f(’U) + 7, atw = Qazm:w + f(w>7 (6)
where
sup [r(z,s)[ <. (7)
zeR, 0<s<T
If
v(x,0) —w(z,0) <a (x € R) (8)
for some a > 0, then
v(x,t) —w(z,t) < ae’ +ne’ — 1) (xeR, 0<t<T). 9)
Proof. Let z =v — w. Since
f) = flw) = (v+w—1)(v—-w),
we have )
8tz = §8mz—|—c(:v,t)z+r(x,t), C(ZC,t) = ’U(.I',t) +w(:v,t) - 11 (10)

where —1 < ¢ < 1. Define
B(t) := ae' +n(e’ —1).

Then B’ = B + 1, and therefore
1
at(z—B)—ﬁﬁm(z—B)—c(z—B) =r—B' +¢B
=r—n+(c—1)B<0.

(11)

Since z(+,0) — B(0) < 0, the comparison principle for bounded mild solutions gives z < B,
proving Equation @ Applying the same argument to w — v gives the corresponding lower
bound. In particular, if » = 0 and

[o(-,0) = w (-, 0)[lec < a,

then
[o(,1) = w(-, 1)l < ae'. (12)

O

Lemma 4. The F-KPP flow is continuous as a map P(R) — P(R). Equivalently by Proposi-

tion[3,

pn=p = |u"(t) = ()]0 — 0. (13)



Proof. Suppose that p, = p. For every § > 0, the characterization of weak convergence by the
Lévy—Prokhorov metric gives, for all sufficiently large n,

Fx—0)—0<F, (@) <Fz+0)+6 (z€R). (14)

Since Equation is invariant under spatial translations, the function x — u”(z + 0,1) is the
solution with initial datum = — F,(x + J). Applying Equation @ with r = 0 to the upper

inequality in Equation gives

uPr (x,t) < uf(z + 6,t) + de'. (15)
Similarly, the lower inequality in Equation gives

ufr (x,t) > uf (x — 6,t) — de'. (16)
Define

wpt(0) := ilelg(up(a: +6,t) — u’(z,t)).

Combining Equation and Equation yields
[uf™ (-, 8) = uP (-, t)]loo < wp,e(8) + de’ (17)

for all sufficiently large n. Since uf(-,t) is a continuous distribution function, it is uniformly
continuous on R, and hence
wp,t(6) — 0 as 6 | 0.

Taking first n — oo and then § | 0 in Equation ((17)) proves Equation ((13]). O

We shall also use the following elementary fact. Let G be random distribution functions and
let G be a deterministic continuous distribution function. If

Gn(x) — G(z) in probability (18)
for every € R, then

sup |Gy (z) — G(z)] — 0 in probability. (19)
zeR

Proof of Theorem[3. Throughout the proof, let
E :=P(R).
For p € E, write
uf(z,t) == Fy,,(x).
By Proposition uP(-,t) is a continuous, strictly increasing distribution function for every ¢ > 0.

Our first step is to generalize the result in [3| to apply to weakly convergent initial data. Here
the limiting distribution might be discontinuous, so we make a weaker assumption than in the
original result.

For each N, let
V0 = (€M), M)

be a deterministic initial configuration, and let

1 N
PN = N 2551\”0(1)
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Assume that
PN == p-

We claim that, for every fixed ¢ > 0,

sup |Fn(z,t) —uf(x,t)] — 0 in probability.
z€R

Let P¢eno and Egn,0 denote probability and expectation for the particle system started from

and define
un(z,5) := Eeno[Fy(z,s)].

Then
un(z,0) = F,y (z).

(20)

(21)

£V,

The computation in the proof of the hydrodynamic limit in |3| gives, in the bounded mild sense,

Dyun () = %amuN(x, 5) — NL_EW (Fi(z,8)(1 — Fy(x, ))].

Since

Eeno [Fn(z,8)(1 — Fn(z,5))] = un(z,5)(1 — un(, s)) — Vargyo(Fn(z, s)),

equation Equation becomes

1
asuN = EammuN + f(uN) + 7N,

where
1

N -1

ry(x,s) = Ll Varen.o(Fy(z,s)) — un(x,s)(1 —un(z,s)).

For 1 <i < N, set
Li(x, 8) = LieN (9)<ay-

By |3} Lemma 3.2|, uniformly over deterministic initial configurations,

N

Z Coveno (Ii(z, ), I;(y,s))| < 2Ne’.
ig—1

Taking x = y in Equation gives

2e®
sup sup Vargno(Fy(z,s)) < —.
EN,0 zeR N
Consequently, for 0 < s < T,
(o) < 25
sup rn(T,S)| = =1EN,T,
z€R, 0<s<T N-—-1
and
ENT — 0.
Let

un(z,s) == ulN(x,s).

The functions uy and vy have the same initial datum:

un(z,0) = vy (z,0) = F,y ().

(22)

(23)

(26)



Applying Equation @ in both directions to Equation and Equation (2), with @ = 0 and

N =E€ENT, gives
Jun(-8) =oN(8)lleo Senr(e®=1)  (0<s<T). (30)

Thus, for each fixed ¢ > 0,
lun () = on (s E)llo0 — 0. (31)

On the other hand, Equation and Equation give

lon (1) = w (- 1) [loc — 0. (32)
Combining Equation and Equation 7 we obtain

Jun () = uP (- )]0 — 0. (33)

It remains to remove the expectation. For every fixed x € R and § > 0, Chebyshev’s inequality
and Equation give

2¢t
Equation and Equation imply that
Fy(x,t) — uP(x,t) in probability (35)

for every fixed x € R. Since u”(-,t) is a continuous distribution function, Equation yields
Equation (21). Equivalently, whenever Equation holds,

un(t) — Uyp in probability in E. (36)

Now we proceed with our final upgrade: we allow for random initial empirical measures.

Let
An = L(pn(0)).

By assumption,
Ay = A in P(E). (37)

For each N, let
N
Ey = {Nz;(sm :a:l,...,xNE]R}.
i=

Since pn(0) is an empirical measure of N particles,
An(En) = 1.
Because E is Polish, the Skorokhod representation theorem applied to Equation gives F-
valued random variables Ry and R, defined on a common probability space, such that
Ry ~ Ap, R~ A, (38)

and
Ry — R almost surely in E. (39)

Moreover, Ry € En almost surely.



For p € Ey, define its canonical ordered representative by

k
an.k(p) :—inf{xER:Fp(x)ZN}, 1<k<N,

and set
an(p) == (QN,l(P), cee 7‘]N,N(p))-
The maps p — gy (p) are measurable, and the empirical measure of qn(p) is exactly p.
On an extension of the Skorokhod probability space, take the Brownian motions, Poisson clocks,

and partner choices used to construct the particle systems independently of (Ry, R). Let fin(s)
be the empirical measure at time s of the N-particle system started from qn(Ry).

The generator is invariant under permutations of particle labels, and the empirical measure is
itself permutation invariant. Hence the empirical evolution from a deterministic configuration
depends only on its empirical measure. Since Ry has the same law as pun(0), it follows that

L(BN,pN(t)) = L(un(0), un (1)) (40)

Fix t > 0, and let dg be a bounded metric generating the weak topology on E. On the
almost-sure event in Equation , the deterministic sequence Ry € En converges weakly to
R. Therefore Equation , applied after conditioning on (Ry, R), gives, for every € > 0,

P (dg(in(t), U4R) > ‘ Rn,R) — 0 almost surely. (41)

The conditional probabilities in Equation are bounded by one, so dominated convergence
yields

de(pn(t),¥:R) — 0 in probability. (42)
Together with Equation , this implies
(Rn.fin(t)) — (R, ¥4R)  in probability in E x E. (43)
Consequently,
L(Ry,an(t)) = L(R, VR). (44)

Using Equation , the fact that R ~ A, and the fact that u ~ A, we conclude from Equa-

tion that
L(pn(0), un(t)) = L(u, Yrp)

for every fixed t > 0.

For ¢ = 0, the result follows directly from Equation and continuity of the diagonal map
EHEXE7 P’—>(P7P)a

since Wop = p. This completes the proof. O

B Proofs of Properties of F-KPP Solutions

Proof of Proposition[3 Let
{X1(t),..., XN, (8)}

be binary branching Brownian motion started from one particle at the origin, with branching
rate one. Let F' be the CDF of . By McKean’s representation [5, formula (6), p. 325],

u(t,z) :=E

Ny
[[F@E+ Xz‘(t))] (45)

=1
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is the CDF of Wypu. Write
PF(z) = E[F(x + By)]

where B is a standard Brownian motion. We claim that, for every z < y,

e "(PF(y) — PF(z)) <ult,y) —u(t,z) < e (PF(y) — PF(x)). (46)

Restricting to the event that no branching occurs before time ¢, which has probability e~, gives

u(t,y) —u(t,z) > e '"E[F(y + By) — F(z + By)].
For the opposite inequality, use
n n n
OSHbi—HaiSZ(bi—ai), 0<a; <b <1,
i=1 i=1 i=1
and then the standard many-to-one identity

E

Ny
ng(t»] — E[g(By)].
i=1

If ® denotes the standard Gaussian distribution function, then

PF(z) = /Rq> (x\;;) 1(dz).

Consequently, P.F' is continuous and, whenever x < y,

PF(y) — P,F(z) = /R [cb (y\;;> — (x\;;)} p(dz) > 0.

It follows from Equation that wu(t,-) is continuous and strictly increasing.

It remains only to check its limits at infinity. Since [ [, a; < >, a; for a; € [0, 1], the many-to-one
identity implies
0 <u(t,z) <e'PF(x) — 0 as r — —00.

Similarly, using 1 — [ [, a; < >7,(1 — ay),
0<1—u(t,z) <e'E[l — F(x+ B;)] — 0 as x — +00.

Thus u(t, ) is a continuous, strictly increasing distribution function. O

Proof of Proposition[3 Fix ¢ € R and 21 < xa, and suppose that
Fu(x1) > F (21 +¢).
Since F), and F, are continuous and uy = p, vy == v, we have
Fy(x1) — Fu(x1), F,(z1+¢) — F,(x1+¢).
Hence, for all sufficiently large IV,
Fuy(x1) > F (21 +¢).

Since un >stp VN,
Fuy(x2) > Fyy (22 + ©).

Passing to the limit gives
Fu(x2) > Fy(x2 +¢).

Thus p >gp v. O
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The following lemma is Proposition 3.2 in [2].

Lemma 5. Let ul(t,x) and u?(t,z) satisfy

1
Up = ium + f(u)

where f(0) = f(1) =0, f(u) >0 for0 <u<1and f'(0) =1 and f'(u) <1 for 0 <u < 1.
Suppose if 1 < xo then

u?(0,z1) > ul(0,21) = u*(0,x2) > u*(0, x3).
Then for all t if 1 < x9,
u?(t,zr) > ut(t,z1) = u?(t,m2) > ul(t, z2).
Proof of Proposition[f] The case t = 0 is immediate. Fix ¢ > 0 and ¢ € R, and write
Usla) = Fuu(@).  Vile) = Py, (o).
Since Uy and Vi solve

1
Jdsw = iamw +w(w — 1),

the functions
’LL(S,IL‘): 1_US($)7 U(va) :1—‘/;(1134-6)

solve the usual F-KPP equation

1
Osw = iamw +w(l — w).

Because p >t v, for every x1 < xs,
v(0,21) > u(0,z1) = v(0,x2) > u(0,z2).
Hence Lemma [5] implies
v(t,z1) > u(t,z1) = o(t,x2) > ult,z2).
Returning to Uy and V4, this is exactly
Ui(z1) > Vi(z1+¢) =  Ui(za) > Vi(xz2 +0).

Since ¢ € R was arbitrary,
Wi Zstp V.

The case of the centered flow follows from the translational invariance of steepness. O

Proof of Proposition[J To see Equation (3), since u(z, t) = Upnin (z—1/2t) satisfies Equation ,
we know

1
_ﬁUrlnin = iUrlrllin + Umin(Umin - 1)

We know that
/ Utyin (2)dx = Upin(00) — Unin(—00) = 1
R

and
/ r/r/un(x)dx = Urlnm(oo) - r/nin(_oo) = 07
R

12



so integrating over R gives

\/§ = S(ﬂ-min)'

To show Equation , we will show something slightly more general. Suppose p and v are
measures with continous strictly increasing CDFs F}, and F, such that

F,(0)=F,(0)=1/2
such that p >4, v. Then we will show that S(v) > S(u).

Given z > 0, take h > 0. Since Fj,(h) > F,(0) = 1/2, the definition of steepness gives that
Fu(x+ h) > F,(x). Taking h — 0 using the continuity of F), gives F},(x) > F,(x). Similarly for
x < 0, we have F,(z) < F,(x) (using the continuity of F,).

Since the function z +— x(1 — ) is increasing for x € [0, 1/2] and decreasing for x € [1/2, 1], this
means that for all z € R,

Fu(z)(1 = Fu(z)) < Fy(2)(1 = Fy(2))

which implies the result.

Under the same conditions on p and v, if S(u) = S(v) < oo, then F,(x)(1 — F,(z)) — Fu(z)(1—
F,(z)) = 0 for all . The function & — x(1 — z) is strictly increasing on [0,1/2) and strictly
decreasing on (1/2,1], so this implies that Fj,(z) = F,(x) for all + where F,(z) # 1/2 and
F,(z) # 1/2. Since F,(0) = F,(0) = 1/2 and both CDFs are strictly increasing, this means
Fu(z) = F,(x) for all z. O
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